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INTRODUCTION

In this paper introduce matrix sequence, matrix series and concepts analog to convergence of
series in scales variable. a matrix series is obtained by adding up the matrices in a matrix

sequence for example if Ag Ay Ap...ooceeenenin. is a matrix series given by

F(A) = 3 g Ahe el (1.1.1)

If the matrix series is a power series, then we will be considering powers of matrices and
hence in this case the series will be defined only for n x n matrices, for an n x n matrix A.

consider the series.

gA)= agl+ a; A+........ +a AR+ =
Z?:O ay, Ak .............................................................. (112)
where ag, Ay, ............. ay, are scalars.

As in the case of scalars series, convergence of matrix will be defined in terms of the sums.

A general hypergeometric series pF;, (.) in a real scalar variable X is defined as follow.

Pk, (aq -Ap, by.... bq X) = k=0 ((c;l )): ............................ ((c:; ;: }:,
.............................................................................. (2,.1.3)
For (a),, =a(atl)...... (atm-1) (a), =1 az0
For example oF, ( ; ; X) =e*
1F, (o; ; X)=( — X)~* for |X |<1
In (1.1.3) there are p upper parameter ay ... ... ... a,, and q lower
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parameters b, bg, . The series in (1.1.3) is convergent for all X if g > p convergent

for |X |<1 if p= gq+1 divergent if P > g+1 and the convergence. Condition for X=1 and X = -
1 can also be work out. a matrix series in an n X n matrix. A corresponding to the right side
in (1.1.3) is obtain by replacing X by A, thus we may define a hypergeometric series in an n

X n matrix. A as follows.

B SR C75 — (ap )r X"

Py (a ap; b1..bg,A) = 42p Xreo TR (bp Jr 7!
................................................................................. (1.1.4)

where a; .............. ay, by..... bg arescalars. The series in (1.1.4) is convergent for all

A if q > p convergent for p= q+1 when the Eigen values of A are less than 1 in absolute value
and divergent when p>g+1 similarly it may be defined for two, three and four variable. Other
definition involving in this paper for four variable of m X m matrix. Exactly similar
analogous in scalar variable due to Exton (1995) . in what follow we shall take p, g, r and s to

be positive integer of the symbol X and A(n ,a) stand the sequence of parameters of square

. . . +1 +n-1
positive definite matrices X; X, ................. Xr of order n x n and :— “T SR

n

respectively. Also in all be established here after ,proper conditions of convergence of the
involved are assumed. In which follows X,Y,Z,T,U, etc . matrices are positive definite

symmetric of same order m x m.
1.1 Matrix — Variant real gamma density

The matrix — variant gamma density is defined as follow let X =X’>0 be a real matrix random
variable then
|x [¢5 =0

f(X) = Ip(@)  XE X0

for Re(a)>P-1 or f(X) =0 elsewhere and also fx>0 f(x)dx =1is known as the matrix —

variant real gamma density .

1.2 INTEGRALS OF FOUR VARIABLE WITH STATISTICAL DISTIBUTION
ASSOCIAT WITH HYPERGEOMETRIC FUNCTION OF MATRIX ARGUMENT

The formula to be establish are as follow
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[1] f yes = U)”‘— F, (a1-ac; —)

F* [a; ,a,,a; ,a; by by ,by by cicac3 6, XU-U)", YU -U)",Z2(I-U)", T

(I - U)"]dU

=LA a;:ilb’al 1@z by bbby 61,62,65 €4 A0 D),AG L)
4G ), a0 c +b),4(5,c + b+a), 4G T X Y% T

......................................................................... (2.1.1)

Where

F* [a; ,a,,a; ,a; by by ,by by ¢y ca e3¢, (I=U), XU-U)", YU -U)",Z (-

)"l

— (a1 )p+q+r (@1,)s (P1)p+qr+s n n nror

= _ [—U)™ XP (I —U)M Ya (] —U)"Z" (I —
Zp,q,r,s—o p!S!q!T!(CL)p (Cy ,)q (CS ,)T (Ca ‘)S ( U) ( U) ( U) (

U)TlSTS

So that

F14 lai, ay,a1,a; by by, by by ¢y coc5.ch, M=), XU-U)",Y(UT-U),Z(I -
)"l

fla-m XU - Y I -, Z (I —U)T

Then a probability density function (p.d.f) of (2.1.1) is given by :

a Pt p_Pt1
FU) =2 (I-U)""7 FHX)F* [Xp]
LF* [X3]
=0 elsewhere
Where

X, = (aa-1ic;3)

X, = [XU-U)"Y (U —-U)NZ I - U, I — U]
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n c+b

-
)XYZT

e a, ,a; ,0a, ,ay by by ,by by cq c; 3 ¢4y A0, D), A(
3=
n 1+c+b) A(TlC+b)A( c+b+a) A(n 1+c+b—a

A(—

[Z]fU“_— (-0’ Fl(alac )

[a- XA -U)Y, (I - Z, (I - U)"T]dU

a; ,a,,0a; ,0;, b1 by :bl b1 C1,C2 C3 Cy, A(n b), A(n C+b)

A(E 1+C+b) A(nc+b)A( c+b+a) AG

n 1+4c+b—-a

;X Y; Z; T

F* [ay ,ay,a;,a; by by ,by by cica e3¢, (I=U"XUI-U)"Y,(I-U)"Z (-

U)'T]

—\"0 (a1 )p+q (@1 )r+s (P1)p+qir+s n n nror

= 3 [—U)™ XP (I —U)™M Y9 (] — U)"Z" (I —
Zp,q,T,S—O p!S!q!T!(CL)p (Cy ,)q (CS ,)T (Ca ‘)S ( U) ( U) ( U) (

U)TlSTS

Then probability density function (p.d.f) of (1.2.2) is given by :

m+1 p_mt1 .
2 (I-U) 2 F(X)F" [X;]

LE,* [X4]

F(U) =

=0 elsewhere

Where

al y g Paz ,az b]_ b1 ,b1 bl Cl C2 C3 C4 A(’n b) A(E ﬂ)

n 14+c+b

_(_

n 1+4+c+b—-a

), A, +b),4(5, c+b+a),AG, %X Y;Z T

[3]fU“‘ (I—U)”‘ Fl(alac—)

FEAII =) X,I =Y, (I —U)"Z, (I — U)"T]dU
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4 ay ,ay,ay ,03 by by ,by by €1 ,C3 C3 Cy A(n b), A(n C+b)
=LF.

T A EEY st +0),4 (% e+ b +a), 4G B XY LT
................................................................................. (1.1.3)
Where s

F34 [ai, a;,a;,a3 by by by bycycocachy, - XUT-U)"Y, (I-U)"Z (I—
U)"'T]

:Z;')c:q,r,szo (a1 ,)p+q (a2 )r (@3 )r (D1)p+qtr+s (I _ U)np XP (I _ U)nq ya (1 _ U)anr (1 _

p!s!q'ri(c1)p (cz ) (C3)r (s )s

U)TLSTS

Then probability density function (p.d.f) of (1.1.3) is given by :

v a U)b_m2—+1 Fi(X1)F3* [X2]
_ 2 - 1(X1)F3" [X3
FU) = LF3* [Xs]
=0 elsewhere
Where
a,,ay ,ay ,a3 by by ,by by €1 ,C5 C3 Cy, A(n b), A(n C+b)
Xc=
Tlag ey A +b),4 (R e+ b+ a), 4G B YT
[4] f yes (- U)"‘— F, (a,1-ac; —)
- XA -D)"Y, I - Z, I - U)"T]dU
4 a,,ay,0, ,0a3 by by ,by by €1 C5 C3 Cy, A(n b), A(E ﬂ)
=LF,
* AG D am e +b),4(5c+b+a), 48 BEEY XY 7T
............................................................................... (1.1.4)
Where

4
F,"[ay,ay ,ay ,a; by by ,by by 1 Cp 3 ¢4 X,Y,Z,T]

(a1 )p+q+r+s(1 Dp+q+rs(b2 )r XP y4 77 TS
pslqiri(c1)p (cz )g (C3)r (s )s

:Zp,q,r,s=0
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Then probability density function (p.d.f) of (1.1.4) is given by :

m+1 - U) m2+1 o %)

- 1 154 2
FU) = LF,* [Xe]

=0 elsewhere
Where

a’l !al !alyal b1 bl ,bz b1 C1 C2 C3 C4_ A(n b) A(E ﬂ)
Xe=
A(E 1+C+b) A(n,c +b), A( c+b+a) A(n Lherbe a) X:Y;Z; T

5] [, U -0 F, (al-ac)).

Y[=U)n X, =Y, (I —U)" Z, (I — U)"T]dU

n c+b

LE* a; ,ay ,ay ,az by by ,by by €1 €3 €3 €y, A(" b), A( )

5 .....................
4G B0, 4 e+ b),4 (3 c+b+a), 4G LY XV LT

............................................................ (1.1.5)

Where

4
F5 [al,, al,, al,, az ,bl,bl,i bz ’bz’cl‘CZ ’C3’C4; ’X, Y, Z, T]

(a1 )p+q+r(@z )s(b1 )p+q (b2 Dr+s XP v4 77 TS
p!slqir!(c1)p (c, g (C3 )r(Cq Js

:Zp,q,r,s=0

Then probability density function (p.d.f) of (1.1.5) is given by :

m+1 -ty _m+1 FL(XOF® [Xy]

- "2 F(X))F" [X;
AL = LF5* [X,]

=0 elsewhere
Where

al ;al ’allaz b]_ b]_ ,bz bz C1 CZ C3 C4_ A(’n b) A(E ﬂ)
X,=

A(n,c +b), A( c+b+a) A(ﬁ 1+c+b- a) X Y: 7T
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[6]f yes = U)”‘— F, (a,1- ac—)

YIA=-0) XA =-D)Y, (I -U)"Z, (I - U)"T]dU

al )al )al ,az b]_ bz ,b3 b1 Cl CZ C3 C4_ A(’n b) A(E ﬂ)

n 1+4c+b

A(—

n 1+C+b A R

), A, +b),4(3,c+b+a),AG, ;X Y; Z; T

4
F¢" [ay ,a1 ,ay ,a3 by by ,bs by cq 3 c3 c4. X,Y,Z,T]

(a1 )p+q+r(az )s(by )p+s(bz )q(b3 s
p!sla'ri(c)p (cz )g (€3 )r (Ca )s

XP Y1Z"T®

:Zp,q,r,s=0

Then probability density function (p.d.f) of (1.1.6) is given by :

m+1 pomtl .
2 (I-U)" 2 F(X1)Fs" [X;]

LFs* [Xg]

F(U) =

=0 elsewhere

Where

a, ,a; ,ay1,0a, by by, bs by c1 ¢, €3, c4. A(N, b), A(ﬁ ﬂ)

A(E 1+c+b )XYZT

Xg= n 1+c+b-a

)A(nc+b)A(— c+b+a) AG

[7] f yeE (I - U)”" a2 (a,1-ac; —)

Y[ =U) X, =Y, (I —U)" Z, (I — U)"T]dU

a, ,ay ,0, ,0a; by by ,by by c1 ¢y c3 ¢4, A(n, b), A(n ﬂ)

n 1+4+c+b

4G,

4
LF, © e 2

=) A+ b),4(5,c+b+a), 46, X Y;Z T
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where
F* [a, ,ay,a; ,a; by by ,by by ¢y ¢y c3.04. X,Y,Z,T]

(a1 )p+q(az Jr+s(b1 Dp+r(b2 )q(b3 s XP y4 g7 TS
p!siqiri(c1)p (c3 )g (€3 )r+s(Ca )s

:Zp,q,r,s=0

Then probability density function (p.d.f) of (1.1.7) is given by :

5 )P R [X,]
vz (u-u 2 FL(X)F* [X,
FU) = LF;* [Xo]
=0 elsewhere
Where
e a, ,ay,Q; ,a, by by, by b, 1 ¢y c3 4. A0, b), A(n C+b)
TG B A e+ ), 4 (R c+ b +a), 4G B XY 4T
[8]f yeE (I - U)"‘— F, (a1-ac; )
FEAIU -0 X, -D)"Y, (I -U)"Z, (I - U)"T]dU
4 a, ,a, ,a; ,a, by by ,by b3 c1 ¢y C3 Ca A(n,b), A( C+b)
LE*| T e R R
U ad D amc+b),4(R c+b+a), 4G HEEY X Y7, T
............................................................. (1.1.8)
Where

4
Fg [al,, al,, az K az ,bl,bZ » bl’b3’C1‘C2 ’C3‘C4; ’X, Y, Z, T]

(a1 )p+q(az Jr+s(b1 Dp+r(b2 )q(b3 s XP Y477 TS

ParS=0 pisigiri(es)p (c, )q (€3 )r(cq )s

Then probability density function (p.d.f) of (1.1.8) is given by :

m+1 m+1

Uz -0z AR X
F(U) - LFg* [X10]
=0 elsewhere
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Where

al 'al )aZ ,az bl b21b3b2 C1 C2 C3 C4 A(n b) A(E ﬂ)

%107 )A(nc+b)A( c+b+a) AG

n 1+4c+b n 1+c+b—-a

AG,

;X Y; Z; T

[9]f yeT (-’ F1 (a,1- ac—)

F*IU - X, -U)"Y, (I -U)"Z, (I - U)"T]dU

a, ,a,,ay ,a, by by ,by by cy cy c3,0, A(n, b), A(n %)

;X Y; Z; T

4
LF, n 1l+c+b-a

)A(nc+b)A( c+b+a) A,

n 1+4c+b

A(—

4
Fy" [ay,a,,ay ,a; by by ,by by cq c3 03¢0, X,Y,Z,T]

(a1,)p+q+r(a2,)s(bl,)p+q+r+s XP v4 77 TS

2pars=o PIs!qiri(cs)p+s (cz )q (€3 )r

Then probability density function (p.d.f) of (1.1.9) is given by :

m+1 pmtl .
2 (I-U)" 2 F(X)F" [X;]

LFo* [X11]

F(U) =2

=0 else where
Where

c+b n 1+c+b»b
a,,a,,0aq :az,b1,b1,; b1,b1,C1,Cz,C3,C1;,A(n' b)rA(E :T) 'A(E 'T
A( +b)A( +b+ )A(n ltctb-a

n,c c a 5 >

)
X111 =

); X Y; Z; T

[10]f yes (I—U)”‘ 2 (a,1-a;c; )

Foo [ =) X,(I =Y, (I — )" Z, (I — U)"T]dU
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4 a,a;,a;,a;, b1 bl:bl b1 C1,C2 C1 C3; A(n b), A(n %),
=LY T T R 2
AG 22, A, ¢ + b), A( c+b+a) 4G XL T
................................................................ (2.1.10)
Where
Fio* [ai ,ay,a; ,a; by by ,by by c1 C3 €1 €3, X, Y, Z,T]
— (a1 )p+q(@z Jr+s(b1 Dp+q+r+s p q 7r Ts
2pars=0 P!sqiTi(c)p+r (C3)q (C3)r AP YRZT
Then probability density function (p.d.f) is given by :
T ()P B (X Fro® [Xo]
Uz u-u 2 Fy(X1)F10® [X2
F(U) - LFy0* [X12]
=0 elsewhere
Where
n c+b»b
a,,a; ,a; »az,b1,b1,: b1,b1,C1,C2,C1,C3;,A(n, b)'ﬂ(i " ),
X1z = n 1+c+>b n 1+c+b—a
AG ———) A(m,c +Db), A( c+b+a),AG, ———)X LT
2 2 2
[11]f yes (- U)"‘— F, (a,1-ac; )
F A [A-rX,I-U)"Y, I - Z, (I —U)"T]dU
. a, ,a, ,a, ,as by by ,by by ¢y c; ¢y 3. A(n, b), A(n ﬂ),
=LEY s T T R 2
AG EEY), A, ¢ + b), A( c+b+a) 4G XYL T
................................................................ (2.1.11)
Where

4
Fi," [ay ,aq1,a; ,a3 by by ,by by c1 ¢3 €1 €3, X,Y,Z,T]

(al,)p+q(a2 Jr(az s (bl,)p+q+r+s XP y4 77 TS
pisiqiri(cy)p+r (€2 )q (C3)r

:Zp,q,r,s=0

Then probability density function (p.d.f) of (2.1.11) is given by :
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e P R ()Pt %]
_UY 2 (-0)PT 2 R(X)Fit X,
F(U) B LF;1* [X43]

=0 elsewhere
Where
X3 =
n c+b>b

ai,ai,az ,az by by, by by ¢ c; 01 c5 A, D), A( ) ),

n 14+c+b»b n 1+c+b—a
A(— —)A(nc+b)A( c+b+a) A(E,f

1XY,Z; T

[12]f yeE (I - U)"‘— F, (a1-ac; )

FL [ - X,I-"Y, I -WU)"Z, (I - U)"T]dU

n c+b
_) ,

n 1+C+b A R

;X Y; Z; T

ai,ay,0a;,a3 by by, by by c1 c; c3,c5 AN, b), A(

)A(nc+b)A( c+b+a) A,

n 1+4+c+b
) A(_

2

.............................................................. (2.1.12)

4
Fi;" [ay ,ay ,a;, ,a3 by by ,by by c1 3 c3 ¢3. X,Y,Z,T]

(a1 )p+q(az )r (a3 )s(b1 Jp+q+r+s XP v4 77 TS
P!s'qiri(cy)p (cy )q (€3 )r+s

:Zp,q,r,s=0

Then probability density function (p.d.f) of (2.1.12) is given by :

RS 1 .
2 (I-U)" 2 F(X1)F12" [X]

LF12* [X14]

F(U) =2

=0 elsewhere

Where
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n c+b

)

a, ,a; ,a, ,as by by, by by ¢ c; c3 3. A(n, b), A(

2
(n 1+c+b> A( +b)A( b+ )An 1+c+b—a_X_Y_Z_T
5 > n,c ,C a (2 ) > 1 XY Z;
[13]fU (I—U) Fl(alac—)
FR[U-DX,J-"Y, I -WU)"Z, (- U)"T]dU
LF A a; ,a;,03,04, b1 b1;b1 b1 C1,01,C2,C3; A(n b), A(2 ﬂ)
P ad B ame +0),4 (5 e+ b +a), 4G B x|
.............................................................. (2.1.13)
Where
Fi5* [ay ,a, ,as5 ,a4 by by ,by by c1 €1 €y c3. X, Y, Z,T]
— (a1 )p(az )r(az )r(as)s(b1 )p+q+r+s P ya zr TS
Lpars=0 pIslqiri(cs)p+q (cz )r (C3,)s X5
Then probability density function (p.d.f) of (2.1.13) is given by :
F(U) :Ua_mz—-'-1 (I—U)b_mz—+1 Fy(X1)F13* [X2]
LFy3* [X15]
=0 elsewhere
Where
X5 =
n c+b»b
ay,0y ,0a3,04 by by,by by cq ,C1,C2,C3;,A(n, b)'ﬂ(z T ),

n 1+c+b—a

)A(nc+b)A( c+b+a) A(E' >

n 1+c+b>b
( —_— 1 XY, Z; T

27 2
[14]f g (I—U)”" 2 (a,1-a;c; )

FL AT =U)n X, =Y, (I —U)" Z, (I — U)"T]dU
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e ay,ay,ay ,03 by by ,by by €1 C5 C5Cq; A(n b), A(n %):
A By ame+0),4(5 e+ b +a), 4G By [T
................................................................ (2.1.14)
Where
Fi* [ai ,a;,a, ,a; by by ,by by 1 ¢3 c3¢1. X, Y, Z,T]
- (a1 )p+q+r(az )s(b1 Dp+q+r(b2)s D vq 7r TS
2pars=0 PislqiTi(cL)p+s (3 )q (C3)r XEYRZTT
Then probability density function (p.d.f) of (2.1.14) is given by :
v a U)b_m2—+1 Fi(X1)F1a* [X2]
—_ - 1 114 2
F(U) - LFy4* [X16]
=0 elsewhere
Where
X16 =
n c+b>b
a;,a; ,a, ,az,b1,b1,,b1,b2,C1,C2,C3,C1;,A(n' b),A(E T ),
(n 1+c+b> A( +b)A( bt )An 1+C+b_a'X'Y'Z'T
> > n,c ,C a (2 ) > 1 XY Z;
[15]f U (1= U2 F (al-ac )
Fis*[U-D"X,I-U)"Y, I -WU)"Z, (I —U)"T]dU
Lp A a,,ay,ay,0a;, b1 b1 ;b1 bz C1,C2 C1,C3; A(n b), A(n C:b),
- 5 ...............
UG B ae +0),4 (% c+ b +a), 4G B XY LT
.............................................................. (2.1.15)
Where

4
Fis" [ay ,a1,a; ,a3 by by ,by by ¢1 ¢3 €1 €3, X,Y,Z,T]

(a1 )p+q+r(az )s(b1 )p+q+r(b2 )s XP yazr TS
p!s'qiri(ci)p+r (cy g (C3)s

:Zp,q,r,s=0
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Then probability density function (p.d.f) of (2.1.15) is given by :

m+1 m+1
F(U): -0’2 AR X
LF;5* [X17]
=0 elsewhere
Where
X17 -

n c+b
2 )

n 1+c+b—a
) A(nc+b)A( c+b+a) A(z,f

ai,ay,a1,0z by by, by by ¢ co cq c5 AN, D), A(

<n 1+c+b V70T
2; 2 )J )y 1y, Ay

[16]f U (=) F, (al-ac )

Fie* [ - X,I =Y, -U)"Z, (- U)"T]dU
ai,ay,ay,0az by by, by by c1 cy C35, AN, b), A(n L

n 1+4+c+b

4G,

)

n 1+C+b 7 A AR

A, +b),4(5,c+b+a),4C, )XYZT

............................................................... (2.1.16)

4
F16 [al’, a1 ) a1 ) az ,bl,bl E bz‘bl‘cl‘CZ ’C3‘C3;’X, Y, Z, T]

(a1,)p+q+r(a2,)s(bl,)p+q+r(b2,)r XP v4 77 TS

PATS=0" pisigiri(cs)p (cz )q (€3 Ir+s

Then probability density function (p.d.f) of (2.1.16) is given by :

m+1 m+1
F(U)= (-0’2 R(XDFE X
LF;6* [X18]
=0 elsewhere
Where
Xig =
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n c+b
al,,al,,al,az,bl,bl,,bl,bl,cl,cz,c3,c3;,A(n,b),A(E, 5

)

(n 1+c+b> A( +b)A( b+ )An 1+c+b—a_X_Y_Z_T
) n,c ,C a (2 , > ); X Y; Z;
[17]fU (I—U) Fl(alac—)
FATU-U)" X, =Y, (I -U)"Z, (I - U)"T]dU

4 a, ,ay,0, ,az by by ,by by c1,C5 C1,C3; A(n b), A(2 ﬂ)
LR | T e

AG D), A+ b),4(5 c+b+a), 4G XYL T
.......................................................... (2.1.17)
Where
F* [a; ,ay,a, ,a3 by by ,by by c1 €5 €1 €3, X, Y, Z,T]
- (a1 )p+q+r(@z )s(b1 Dp+q+ B2 Ir+s D vaq 7r TS
2pars=0 PIslqiT!(c1)p+q (3 )q (C3)s XEYRZTT
Then probability density function (p.d.f) of (2.1.17) is given by :
v a U)b‘mz—+1 Fy(X1)Fy7* [X2]

_ B 1 1517 2
F(U) = LFy7* [X10]

=0 elsewhere
Where
X19 -

n c+b
ai ,ay,ay,0z by by, by by cq1 Cp C1 C3;, A0, b), A( ) ),
(n 1+c+b) A( +b)A( +h4 )An 1+c+b—a_X_Y_Z_T
2 ) 2 ) n; c ] 2 ] c a ) (2 ) 2 )1 ) ) &y

[18]f g (I—U)”‘ 2 (a,1-a;c; )

F' [0 = U)X, =Y, (I —U)" Z, (I — U)"T]dU
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i a,a,,a,04a;, b1 b1 ’bz bz C1,C2 C3/Cq; A(n b), A(n %),
- 18 ...............

AG D), A+ b),4(5, c+b+a), 4G, FE X 4T
............................................................ (2.1.18)
Where
Fig* [ai ,ay,a, ,a; by by ,by by 1 €5 c3 01, X, Y, Z,T]
- (a1 )p+q+r(az )s(b1 Dp+q(b2 Dr+s D vq 7r TS
2pars=0 PIs!qIT!(C1)p+s (€5 )q (C3 )r XEYRZTT
Then probability density function (p.d.f) of (2.1.18) is given by :

)P () Fre® [Xa)
Uz u-u 2 Fy(X1)Fig* [X>
F(U) - LFyg* [X20]
=0 elsewhere
Where
Xo0 =
n c+b»b
a1,»a1,»a1»a2,b1,b1,» bz,bz,C1,C2,C3,C1;,A(n, b)'A(E T ),
(n 1+c+b> A( +b)A( bt )An 1+C+b_a'X'Y'Z'T
> > n,c ,C a (2 , > 1 XY, Z;

[19]f U (1= U2 F (al-ac )
Fo*[U-0)"X,d-W"Y, I -U)"Z, (I —U)"T]dU
_Lp A a; ,a,,aq,0a;, b1 by :bz bz C1,C2 C3C3; A(n b), A(n C:b),
- 9 ...............

U aG B A e+ 0),4(2 e+ b +a), 4G B XY LT
.............................................................. (2.1.19)
Where

4
Fi9" [ay,a,,ay ,a3 by by ,by by €1 €3 c3¢3. X,Y,Z,T]

(@1,)p+q+r(a2,)s(P1 )p+q(P2 Ir+s XP yazr TS
P!s!qiTi(c1)p (c3 )q (€3 )r+s

:Zp,q,r,s=0
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Then probability density function (p.d.f) of (2.1.19) is given by :

v a U)b‘mz—+1 F1(X1)F1o* [X2]
—_ - 1 119 2
F(U) - LF19* [X241]
=0 elsewhere
Where
X21 =
n c+b
a ,ay ,Qy,0 by by,by by ¢y Cy C3 03 A (n,b), A(Z " ),
A(n 1+c+b> A( +b)A(n bt )An 1+c+b—a_X_Y_Z_T
2 ) 2 ) nlc ) 2 FC a ) (2 ] 2 )I ) Ly &y
“IF 4 a, N a; N a; N a; ,bl ,bl ) b3 ,b3 ,Cl ,CZ ,c3,cl; ‘A(Tl, b)l A(g ) %) )
- 20 n 1+C+b n n 1+C+b_a ...............
AG D), A e+ b),4(5 c+b+a), 4G, EEEE LT
............................................................... (1.2.20)
Where
Fy* [ay ,a;,a, ,a; by by ,b3 bz c1 ¢; c3 ¢1. X,Y,Z,T]
oo (a1 )p+q+r(@z )s(b1 )p+q(b2 ,)r+s(b3 s D vq 7T TS
2Zpars=o PIsIqiri(c1)p (cy )q (C3 Dr+s XEYRZT
Then probability density function (p.d.f) of (1.2.20) is given by :
v a U)”‘m—+1 Fi(X1)Fz0* [X2]
—_ 2 - 2 1(X1)F20 2
F(U) - LF50* [X22]
=0 elsewhere
Where
X22 -
n c+b
a,,a;,0as,0a; by by, b3,b3 €162 C3 .61, 4 (n,b), A(E ) T) )
(n 1+c+b> A( +b)A(n bt )An 1+4c+b—a V-7 T
2 ) 2 ) nﬂC ) 2 FC a ] (2 ] 2 )I ) L, &y
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[21]f yes = U)”‘— F, (a1-ac; )

F [ - X,I-WD"Y, (I - Z, (I - U)"T]dU

4 ai,ai,a;,az by by, by bs ez c3c3 A0, b), A(E ﬂ)
=LF" | . . et
AG D), A, +b),4(5, c+b+a), 4G, T XG4T
................................................................. (1.2.21)
Where
F,.* [a; ,ay,a, ,a5 by by ,by b3 cq 3 c3 3. X,Y,Z,T]
_ (a1 )p+q+r(@z )s(b1 )p+q(b2 ,)T(b3 s P vq 7T TS
=Lpiar.s=0 P!sla!ri(c1)p (c; )q (€3 )r+s XP YRz
Then probability density function (p.d.f) of (1.2.21) is given by :
m+1 m2+1 F 4 "
F(U) : (I U) Fl(Xl) 21 [ 2]
LFy1* [X23]
=0 elsewhere
Where
Xo3 =
c+b
a, ,ay,0q,03 by by, by bs ¢y cy C3 .5, A (n,b), A(E ) T) )

n 1+4c+b—a

n
),A(n,c+b),A(E,c+b+a),A(E, >

n 1+c+b»b
( —_— 1 XY, Z; T

27 2
[22]fUa‘— (I—U)b_ Fl(alac)

EA - XA -U)"Y, I -U)"Z (- U)"T]dU
n c+b

_)’

n 1+C+b A

) An,c+b),4(5,c+b+a),aG, XY Z; T

a,a; ,a,,0a;, b1 by ;bz b3 C1,01,C2,C3; A(n b), A(

n 1+4+c+b

A(—

................................................................ (1.2.22)
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Where
F,,* [ai ,ay,a, ,a; by by ,b3 by c1 €1 €3 c3. X,Y,Z,T]

(a1 )p+q+r(az )s(b1 Dp+s(b2 )q (b3 )Dr
p!slq!ri(c1)p+q €2 )r (C3)s

XP Y1Z"T®

:Zp,q,r,s=0

Then probability density function (p.d.f) of (1.2.22) is given by :

m+1 m+1
F(U): =02 REE* %]
LFy2* [X24]
=0 elsewhere
Where

Xo4 =

a, ,a, ,ay,0, by by, b3 by cq 1 3 c3. A(n, b), A(E —

)

(n 1+c+b> A( +b)A( bt )An 1+c+b—a_X_Y_Z_T
5 > n,c ,C a (2. > )XY, Z;
[23]f U (= U E F, (al-ac )
Fpt - X,(I-D)"Y, I —U)"Z, (I — U)"T]dU
\ ay,ay,a,,az by by, bs by C1,€5,C5C3, A, D), AGS c+b
=LE Tt e e e 2
P A B A e + ), 4 (% c+ b +a), 4G B a)XYZT
.............................................................. (1.2.23)
Where

4
Fy3"[ay a1 ,a1 ,a3 by by ,b3 by ¢y C3 02,03, X,Y,Z,T]

(a1 )p+q+r(@z )s(b1 )p+s(b2 )q (b3 )r
p!s!qiri(es)p (cz Yger (C3 s

XP Y1Z"T®

=Zp,q,r,s=0

Then probability density function (p.d.f) of (1.2.23) is given by :

N a U)b‘m—+1 F1(X1)Fz3* [X2]
- 2 - 2 F1(X1)F37 | X,
F(U) = LF,3* [X35]

=0 elsewhere

Page 50

https://gallicaintramuros.fr



Bibliotheque de Humanisme et Renaissance | ISSN : 0006-1999
Volume 80, Issue 2, 2020

Where
Xos5 =
n c+b
ai,ay,ay,0a, by by, b3 by ¢ C3 €5 3, A1, b), A( T),
(n 1+c+b) A( +b)A( +h4 )An 1+c+b—a_X_Y_Z_T
5T n,c ,C a (2, 5 ) XY Z;
[24]f yes (1—U)”‘— F, (a1-ac; )
FATIU - X, -WDMY, I - Z, (- U)"T]dU
. a, ,a, ,ay ,ay by by ,bz by c1 c;¢;c3. A(n, b), A(E ﬂ)
=LF, 0 T
Al e atme +0),4 (2 c+ b +a), 4G B XY LT
.............................................................. (1.2.24)
Where

4
Fyi" [ay , a1 ,a1 ,a3 by by ,bs by cq 3¢5 .03, X,Y,Z,T]

(a1 )p+q+r(@z )s(b1 )p+s(b2 )q (b3 )r
p!s!qiri(cs)p (c2 )g+r (€3 )s

XP Y1Z"T®

:Zp,q,r,s=0

Then probability density function (p.d.f) of (1.2.24) is given by :

e )R R (X Faa® [X0]
U2 (-T2 R (Xy)Fast [Xs
F(U) B LFy4* [X26]

=0 elsewhere
Where
Xz6 =
n c+b>b
a; ,ay ,0q,03 by by, b3 by 1 ¢y €3 €3, A(n, b)'A(E ,

(n 1+c+b
2’ 2

7

n l+c+b—a
) A(nc+b)A( c+b+a) A(E,f

1 XY, Z; T
[25]f g (I—U)”‘ 2 (a,1-a;c; )

E [I=UD) XU -U)"Y, (I —U)"Z, (I — U)"T]dU
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_— a,,ay ,ay ,az by by ,bs bl,cl,CZ,CB,Cl;,A(n b), A(2 %) )
- 5 ...............
T A e atme +0),4 (2 c+ b +a), 4G B XY LT
................................................................. (1.2.25)
Where
F,s* [ai ,ay,a; ,a, by by ,b3 by c1 5 c3 ¢1. X,Y,Z,T]
_ (a1 )p+q+r(az )s(b1 Dp+s(b2 )q (b3 )Dr D q 71 TS
Zp,qirs=o pIstalri(ey)p+s ¢z )q (€3 )r AP YRZTT
Then probability density function (p.d.f) of (1.2.25) is given by :
v a U)b_m2—+1 F1(X1)Fz5* [X2]
—_ - 1 1025 2
F(U) = LF,5* [X27]
=0 elsewhere
Where
X27 -
c+b
ay,0y ,04,03 by by, b3,b1,C1,C2,C3,C1;,A(n, b)'A(E 'T) )
(n 1+c+b> A( +b)A( bt )An 1+C+b_a'X'Y'Z'T
> > n,c ,C a (2 ) > 1 XY Z;

[26] f U (1= U2 F (al-ac —)
RS- XUA-D)"Y,I-U)"Z (I - U)"T]dU
_— a; ,a,,a4,0a;, b1 bz»b3 b4 C1,C2 C3.Cq; A(n b), A(E ﬂ)
- 6 ...............

PG EEY amc+b),4 (R e+ b+a), 4G HEEY XY LT
............................................................. (1.2.26)
Where

4
Fye" [ay ,a1 ,a1 ,a3 by by ,b3 by cq €3 c3 01, X,Y,Z,T]

(@1 )p+q+r(az )sb1,)p B2 )q (b3 )r(bs )s
P!sq!ri(c1)p+s ¢z )q (€3 )r

XP Y1z T®

:Zp,q,r,s=0
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Then probability density function (p.d.f) of (1.2.26) is given by :

m+1 m+1
F(U): -0’2 F(X)F6" [Xa
LFy6* [X28]
=0 elsewhere
Where
X28 -

n c+b
2 )

n 1+c+b—a

)A(nc+b)A( c+b+a) A(z,f

ai,ay,ay,0az by by, b3 by i 3 3 15, A(, b), A(

(n 1+c+b V7o T
2; 2 )J )y 1y, Ay

[27]f U (=) F, (al-ac )

F,;* [(H-U)"X,(I-U)"Y,I-U)"Z (I—-U)"T]dU
ai,ay,a;,a; by by, by by ¢ C; 0505, AN, b), A(n s

n 1+4+c+b

4G,

=)

n 1+C+b 7 A AR

“), A, +b),4(5,c+b+a),4C, )XYZT

.......................................................... (1.2.27)

4
F27 [al’, a1 » az » az ,bl,bZ E bl,bZ,Cl,CZ,Cl,CB; ‘X, Y, Z, T]

(a1 )p+q(az )r+s(b1 )p+s(b2 )g+s XP yd zr TS

PATS=0 " pisigiri(c1)per ¢z )q (C3)s

Then probability density function (p.d.f) of (1.2.27) is given by :

m+1 m+1
F(U)= (-2 RXDF* (X
LFy7* [X20]
=0 elsewhere
Where
X29 -
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n c+b

)

ai,ai,az,az by by, by by c1,cs, 05 3, 4(n, b), A(

2
(n 1+c+b> A( +b)A( b+ )An 1+c+b—a_X_Y_Z_T
5 > n,c ,C a (2 ) > 1 XY, Z;
[28]fU (I—U) Fl(alac—)
Fg* [ - X, -W"Y, ([ -WU)"Z, (- U)"T]dU
4 a,,a;,a; ,0a;, b1 bz»bl bz C1,C1,Cy C3; A(n b), A(2 ﬂ)
=LFe™| T
AG D), A+ b),4(5 c+b+a), 4G, FEEE XG4T
................................................................. (1.2.28)
Where
F,g* [a; ,a; ,a1 ,a3 by by ,by by ¢y ¢3¢ 3. X,Y,Z,T]
— (a1 )p+r(az Dg+s(b1 Dp+r(b2 Dg+s p q 7r TS
2pars=0 PISIqIT(C1)p+q (o )p+q (€3 )s XEYRZT
Then probability density function (p.d.f) of (1.2.28) is given by :
v a U)b_m2—+1 Fi1(X1)Fzg* [X2]
—_ B 1 1128 2
F(U) - LF,g* [X30]
=0 elsewhere
Where
X309 =
n c+b>b
a, ,dy,0y,03 by by, by by cq ¢y Cz C3 A (n,b), A(E ) T) )
(n 1+c+b> A( +b)A( bt )An 1+c+b—a V-7 T
> > n,c ,C a (2 ) > 1 XY Z;
[29] f yes (-’ F1 (a,1-a;c; —)

EI - X,I-U)Y, I -U)"Z, (- U)"T]dU
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—_ a, ,ay,0a;,0; by by by by ¢y cq,C304; ,A(n b), A(2 %) )
PG B ame+0),4(% c+ b +a), AG By x|

................................................................. (1.2.29)
Where
F,g* [ai ,ay,a; ,a5 by by ,by by ¢y ¢y e300, X,Y,Z,T]
— (a1 )p+q(@z Jr+s(b1 Dp+r(b2 Dg+s p q 77 TS
2pars=0 PIs!qIT!(C1)p+s (€5 )q (C3 )r XEYRZT
Then probability density function (p.d.f) of (1.2.29) is given by :

v a U)b_m2—+1 F1(X1)Fz0* [X2]

_ - 1\A1)°29 2
F(U) - LFyg* [X34]
=0 elsewhere
Where
X31 =
n c+b
ai ,a1,0;,0, by by, by by c1 Cp 0361, A, b),A(E " ),
(n 1+c+b> A( +b)A( bt )An 1+C+b_a'X'Y'Z'T
> T n,c ,C a (2 ) > )XY, Z;

[30]f g = U)”‘ a2 (a,1-ac; )
Fo* - XA -U)"Y, I -U)"Z (- U)"T]dU
_—_ a; ,ay,0; ,0, by by ,bs by c1 €q,CoC3, A(n b), A(n C:b),
=Ll'30 | o aa,an g N o Aamabh—n e

AG D), A+ b),4(5,c+b+a), 4G, T XG4T
................................................................ (1.1.30)
Where

4
F30" [ay ,a1 ,a; ,a; by by ,by b3 ¢y €3 c1 .03, X,Y,Z,T]

(aq ,)p+q (az )r+s(b1 ,)p+q (b2 )s
p!siq!r! (Cl,)p+r(C2 g (C3))s

XP Y1z T®

:Zp,q,r,s=0
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Then probability density function (p.d.f) of (1.1.30) is given by :

m+1 m+1
F(U): -0’2 F(XDFs0* [Xa
LF30* [X32]
=0 elsewhere
Where
X32 -

n c+b
2 )

n 1+c+b—a

)A(nc+b)A( c+b+a) A(E,f

ai,ay,0az,0az by by, b3 by i c1 c; c35; AN, b), A(

<n 1+c+b V70T
2; 2 )J )y 1y, Ay

[31]f U (=) F, (al-ac )

F314 [(H-U)"X,(I-U)"Y,I-U)"Z (I—-U)"T]dU
a, ,ay ,0y ,0, by by ,bs by c1 ¢1¢5c3. A(n, b), A(n ctb

n 1+4+c+b

4G,

)

n 1+C+b 7 A AR

“), A, +b),4(5,c+b+a),4C, )XYZT

................................................................. (1.1.31)

4
F31 [al’, a1 ) az ) az ,bl,bZ E bl‘b3‘C1’C1‘C2‘C3; ‘X, Y, Z, T]

(a1 )p+q@z Jr+s(b1 )p+q(b2 Dr+s XP v4 77 TS

PATS=0 pisigiri(cs)peqccs )r (C3)s

Then probability density function (p.d.f) of (1.1.31) is given by :

m+1 m+1

Utz a-nb—=— Fi(X1)F31* [X5]
F(U) = LF31* [X33]

=0 elsewhere

Where
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n c+b
a; ,a1 ,0,,0; by by, b3 by ¢y c1 C; c3. A(n, b)'A(E '

)

(n 1+c+b> A( +b)A( b+ )An 1+c+b—a_X_Y_Z_T
) n,c ,C a (2 ) > ;XY Z;
[32]fU (I—U) Fl(alac—)
FL A=) X, -U)"Y, (I - )" Z, (I — U)"T]dU
4 a, ,ay,0; ,0, by by ,bs by c1 ¢q¢5q, A(n b), A(E ﬂ)
LR T T e R R
AG D), A+ b),4(5 c+b+a), 4G, FEEE XG4T
................................................................. (1.1.32)
Where
F3,* [a; ,ay,a; ,a5 by by ,by b3 cq 1 301, X,Y,Z,T]
— (a1 )p+q(az )r(b1 )s(b2 Jp+q+r+s p q 7r TS
2pars=0 pislqiTi(cL)p(c; )q (C3 Dr+s XEYRZT
Then probability density function (p.d.f) of (1.1.32) is given by :
F(U) :Ua_mz—ﬂ (I—U)b_mz_ﬂ Fi(X1)F32* [X2]
LF35* [X34]
=0 elsewhere
Where
X34 =
n c+b
ai,ay,03,0; by by, by bz c1 5 3 ¢q; A, b), A( > ),
(n 1+c+b) A( +b)A( +h4 )An 1+c+b—a_X_Y_Z_T
2 ) 2 ) n; c ) 2 ) c a ) (2 ) 2 )1 ) ) )

[33]f g (I—U)”‘ 2 (a,1-a;c; )

Fa* [U=UD)" X, =Y, ([ —U)"Z, (I — U)"T]dU
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. ai,ay,0a;,a; by by, by bs ¢ c; 3¢5 A(n, b), A(2 %) )
- 33 | 4 Aaar g N m Aarabh—na e
AG D), A, + b),4(5, c+b+a), 4G, FE XG4T
............................................................. (1.1.33)
Where
Fy3* [ay ,ay,a; ,a; by by ,by b3 cq ¢y 0300, X,Y,Z,T]
- (@1 )p+q(@2 Jr+s(b1 Jp+r(B2 )g(B3)s  vp vvq 77 7s
Lp.ars=0 p!s!q!r!(c1)p(cy Ygrs €3 )r XP YT
Then probability density function (p.d.f) of (1.1.33) is given by :
m+1 m2+1 4
F(U) _U - li)F — F]1(X1)F33 [X2]
33 35
=0 elsewhere
Where
X35 =
c+b
a; ,a; ,a;,a; by by, by bs c1 cy c3.00, A(m, b),A(E T ),
(n 1+c+b) A( +b)A( +h4 )An 1+C+b_a-X-Y-Z-T
2 ) 2 n c C a (2 ) 2 ); ) ) &y
[34]f yes (- U)"‘— F, (a,1-ac; )
F AU -)r X, -WDrY, (- Z, (- U)"T]dU
4 ai,a,,a;,0a; by by by b3 ¢y 3403 A(n, b), A(n ﬂ),
LR, T T T e R R
AG D), A+ b),4(3, c+b+a), 4G, FEEE XL T
............................................................. (1.1.34)
Where

4
F3," [ay ,a1 ,a, ,a; by by ,by b3 ¢y ¢y cq .03, X,Y,Z,T]

(@1 )p+q(@2 Jres(1 )ptrb2 JaBs)s  yp yq yr s
p!slq'ri(c1)p+r(cy Yp+r (C3)s

=Zp,q,r,s=0
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Then probability density function (p.d.f) of (1.1.34) is given by :

m+1 m+1
F(U): U-0’"2 F(XDF.* X
LF34* [X36]
=0 elsewhere
Where
X36 -

n c+b
2 )

n 1+c+b—a

)A(nc+b)A( c+b+a) A(E,f

ai,ay,03,0z by by, by bs 1 3 1 3, A0, b), A(

<n 1+c+b V70T
2; 2 )J )y 1y, Ay

[35]f U (=) F, (al-ac )

F354 [(H-U)"X,(I-U)"Y,I-U)"Z (I—-U)"T]dU
a, ,ay ,0, ,0a, by by ,bs by 1 Cy0103. 4(n, b), A(n ctb

n 1+4+c+b

4G,

=)

n 1+C+b 7 A AR

“), A, +b),4(5,c+b+a),4C, )XYZT

................................................................ (1.1.35)

4
F35 [al’, a1 ) az ) az ,bl,bZ E b3‘b4’C1’C2‘C1’C3; ‘X, Y, Z, T]

(a1 )p+q(@z )r+s(b1,)p(b2 )q(b3 )s
ps!q'ri(cs)p+r(cy )q (€3,)s

:Zp,q,r,szo XP Yq ZT TS

Then probability density function (p.d.f) of (1.1.35) is given by :

m+1 m+1
F(U)= (-0’2 RXDFs (X
LF35* [X37]
=0 elsewhere
Where
X3y =
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n c+b

)

ai,ai,az,az by by, bz by c1 cycq 3 4(0,b), A(

2
(n 1+c+b> A( +b)A( b+ )An 1+c+b—a_X_Y_Z_T
) n,c ,C a (2 , > ); X Y; Z;
[36]fU (I—U) Fl(alac—)
F* [ - X,I-W"Y, I -WU)"Z, (- U)"T]dU
. a, ,a; ,0, ,a3 by by ,by bz c1 c;c3¢1. A(n, b), A(E ﬂ)
LR T T e R R
AG D), A+ b),4(5 c+b+a), 4G, FEEE XG4T
.............................................................. (1.1.36)
Where
F3* [a; ,ay ,a; ,a3 by by ,by b3 c3 e300, X,Y,Z,T]
— (a1 )p+q(az )r(az )s(b1 Dp+r (b2 )q(b3 s P vq 7T TS
2pars=o pislqiri(cs)pes(cs )g (C3 )r XPYRaT
Then probability density function (p.d.f) of (1.1.36) is given by :
v a U)b‘mz—+1 Fy(X1)F36* [X2]
—_ — 1 1136 2
F(U) = LF36" [X38]
=0 elsewhere
Where
X38 -
n c+b
ai,ay,03,0a3 by by, by bz c1 3 3. ¢q; A, b), A( > ),
(n 1+c+b) A( +b)A( +h4 )An 1+c+b—a_X_Y_Z_T
2 ) 2 ) n; c ) 2 ) c a ) (2 ) 2 )1 ) ) )

[37]f g (I—U)”‘ 2 (a,1-a;c; )

FA U= X, -U)"Y, (I —U)"Z, (I — U)"T]dU
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_— ay ,0y ,0y ,03 by by , by b3 ¢y CyC50C3, ,A(n b), A(2 %) )
- 37 ...............
AG 22, A, ¢ + b), A( c+b+a) 4G XL T
.............................................................. (1.1.37)
Where
F3,* [a; ,ay ,a; ,a3 by by ,by b3 cq ¢y c303. X,Y,Z,T]
- (a1 )p+q(az )r(az )s(b1 Dp+r (b2 )q(b3 s P vq 7T TS
2pars=0 p!slairi(cs)p(cy )q (€3 Ir+s XEYRZTT
Then probability density function (p.d.f) of (1.1.37) is given by :
v a U)b_m2—+1 F1(X1)F37* [X2]
—_ - 1 1137 2
F(U) - LF37* [X30]
=0 elsewhere
Where
X39 =
n c+b»b
a,,a, ,0,,a3 by by, b1,b3,C1,C2,C3,C3;,A(n, b)'A(E " ),
(n 1+c+b> A( +b)A( bt )An 1+c+b—a Y7 T
> > n,c ,C a (2 ) > 1 XY Z;
[38]f g = U)”‘ a2 (a,1-ac; )
Fg* [-D XU -U)"Y, I -U)"Z (- U)"T]dU
_—_ a; ,aq,az ,0;, b1 bz ;b1 b3 C1,C2,C1,Co; A(n b), A(n C:b),
- 38 ...............
AG D), A+ b),4(5,c+b+a), 4G, T XG4T
............................................................. (1.1.38)
Where

4
F3g" [ay ,ay ,a; ,a; by by ,by by cq C2 1 €. X,Y,Z,T]

(@1 )p+q(@2 Iresi Jprasres  yp yq 7 s
p!s!q'ri(c)p+r(Cy g+s

:Zp,q,r,s=0

Page 61 https://gallicaintramuros.fr



Bibliotheque de Humanisme et Renaissance | ISSN : 0006-1999
Volume 80, Issue 2, 2020

Then probability density function (p.d.f) of (1.1.38) is given by :

m+1 m+1
F(U) : - U) 2 F(X1)Fg* [X3]
LF3g* [X40]
=0 elsewhere
Where
X40 -

n c+b

ai,ay,a3,0z by by, by by cqCo Cq,C0 AN, D), A(

)

2

(n 1+C+b) A( +b)A( +b+ )A" 1+C+b_a-X-Y-Z-T

5 > n,c ,C a (2, > ); X; Y; Z;
[39]f U (=) F, (al-ac )
Foo [ =) X,(I =) Y, (I — )" Z, (I — U)"T]dU

a,,a,,0a;,0a;3, b1 b1 ,b1 b1 C1,C2,C1,Co; A(n b) A(n C+b),
=LY T s e T 2
o AG 2, A e +),4 (3 c+b+a),4C YK YT
........................................................... (1.1.39)

Where

4
F39 [al’, a1 ) az ) a3 ,bl,bl » bl,bl,CI,CZ,Cl,CZ;,XI Y, Z, T]

(a1 )p+q(az )r(as )s(b1 )p+q+r+s
p !S!q!r!(cl,)p+T(C2 ,)q+s

:Zp,q,r,szo Xp Yq Zr TS

Then probability density function (p.d.f) of (1.1.39) is given by :

m+1 m+1

vtz (I—U)b_z— F1(X1)F39* [X2]
F(U) = LF30* [Xa1]

=0 elsewhere

Where
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n c+b>b
ay ,ay ,Az,03 by by, by by c1 Cz €1 Co ,A(n, b), A(E _ ),

n l4+4c+b—a
) A(nc+b)A( c+b+a) A(E,f

n 1+c+b»b
( —_— ); X Y; Z; T

2 2
[40]fU (I—U) Fl(alac—)

Fo*[U="X,I-)"Y, I -U)"Z (I —U)"T]dU

a, ,a, ,az ,a, by by ,by by c1 1,050, A(n, D), A(E ﬂ)

n 1+4c+b

G,

n 1+C+b a< oo v — e

A+ b),4(3,c+b+a),4C, %X Y;Z; T

................................................................ (1.1.40)

4
Fpo' [ay,,ay ,a3 ,a4 by by ,by by c1 €1 €3 Co. X, Y, Z,T]

(a1 )p(az )q(as )r(as )s(b1 Jp+q+r+s XP Y477 TS

PATS=0 T DT L) ra(cz s

Then probability density function (p.d.f) of (1.1.40) is given by :

e )P R (X Fao® [Xo]
U2 (-0PT 2 R (X0)Faot [X2
F(U) B LF40% [X42]

=0 elsewhere

Where

n c+b»b
a1,»a2,»a3:a4,b1,b1,,b1,b1,C1,C1,C2,C2;,A(n, b)'A(E T ),

n l+c+b—a
) A(nc+b)A( c+b+a) A(E,f

n 1+c+b>b
( —_— 1 XY, Z; T

2’ 2
1.3 SOLUTION OF INTRGRALS

One of the proof is, expressing the quadruple hypergeometric function in terms of equivalent
series , in the integrand of the (2.1.1) . we find that the integral becomes .

+

fU“"_ (I-0)""=2 F (alac; )
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F14 [all, all, all, azlbllbll, bl,bl,cl,cz,c3,c4,‘,(1 - U)Tl X,(I - U)Tl Y, (I - U)Tl Z, (I -
U)"T]dU

[, g1 p_mti U
U2 =0 R (@LC) (1.3.1)

Yoars=0 ArsS T [I=U)"X,(I=U)"Y, I -U)"Z, (I - U)"T]dU

Where A, ;P stands for the expression

Vg sm e Q2 b CLlpsrss [ — y)XP(1 = VYY) (0 = U)Z] [ = U)']

p!slqiri(cs)pc;y )q(C3)r(ca )s

We assume that the series is uniformly convergent in the

region of integration , the inversion of integration and summation is infinite, then integral .
I, g1 p_mti U

=[ (U2 (I-U)"2 F (L) (1.3.2)

Amp'q [XP(I—)PrY9,(I—U)I™ ZT(I —U)Y™ TS(I — U)S"T]dU

Yoars=o Arst1XP YquTSf U F1 (a,1-ac; )

[(I _ U)n(p+q+r+s)]du(1 _ U)b_m2_+1

i I
z AT’SWIX?J Ya 77 TS j Ua—mz—-l'1 (1 — U)b+n(p+q+r+s)—m2+1
0

p.q,r,s=0

F; (a,l-a;c;%) du
On evaluating the integral by means of the formula

f X2 (I — X)b‘_ F, (a1-ac; —)dX

(O (D) En (2D

...................................... 1.3.3
I"m(C+b)I"m(C+b+a)I"m(1+C+b a) ( )

Where Re (a), Re (b)>0

Page 64 https://gallicaintramuros.fr



Bibliotheque de Humanisme et Renaissance | ISSN : 0006-1999
Volume 80, Issue 2, 2020

We see that the value of the integral is

I (C) (D1 (D+q+7+5)) [y ((IREHLITES)

c+b+n(p+q+r+s)—a]
2

I ) T S
p.q.r,s=0 £ir.s L (C+b+n(p+q+7+8))im [

c+b+n(p+q+r+s)

I
...................................................... 1.34
rm[ C+b+n(p+2q+r+s)—a ] ( )

I (OB (D L LT

Z ApsPIXP YO ZT TS
’ c+b+a 1+c+b—a
p.q,7,5=0 L (C + b)) ( Vo ( 5 )

c+b 1+c+b
(b)n(p+q+r+s) ( 2 )n(p+q+r+s) (—)n(p+q+r+s)

c+b+a l1+c+b—a
(C + b)n(p+q+r+s) (—)E(p+q+r+5) (—)—(p+q+r+s)

— LZOO o (a1 )p+q+r(az )s(b1 Dp+qtr+s
PATS=0pisiqiri(ca)p(cy g (€3 )r(Ca s

c+b 1+ C +b
(b)n(p+q+r+s)( 2 )n(p+q+r+s)( )n(p+q+r+s)
XPYazrTs
b c+b+a 1+c+b—a
(C + )n(p+q+r+5)( )2(p+q+r+s)( 2 )%(p+q+r+s)

Now if we apply the formula

— (a+j-1)
(@ =K T, (53

Where Kk is positive integer and non negative , there after little simplification arrive at the

result (1) is

e a; ,a; ,ay,0a; by by, by by c1,Cp 54 AN, b), A(n C:b) )

- 1 ..................
AG EE), A c+b),4 (5 c+b+a), 4G L XYL T

Proof of the integral from (1.2.2) to (1.1.40) is similar. Therefore forty direct result have
quoted.

Conclusion

In this paper we have evaluated forty integrals associated with Hypergeometric function of
four variable of matrix argument with their statistical distribution. All the matrices involved

are real positive definite symmetric of order mxm.
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